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Christian Bizouard1

Abstract Because of its geophysical interpretation, Earth’s

polar motion excitation is generally decomposed into pro-

grade (counter-clockwise) and retrograde (clockwise) circu-

lar terms at fixed frequency. Yet, these later are commonly

considered as specific to the frequency and to the underlying

geophysical process, and no study has raised the possibility

that they could share features independent from frequency.

Complex Fourier Transform permits to determine retrograde

and prograde circular terms of the observed excitation and

of its atmospheric, oceanic and hydrological counterparts.

The total prograde and retrograde parts of these excitations

are reconstructed in time domain. Then, complex linear cor-

relation between retrograde and conjugate prograde parts is

observed for both the geodetic excitation and the matter term

of the hydro-atmospheric excitation. In frequency domain,

the ratio of the retrograde circular terms with their corre-

sponding conjugate prograde terms favours specific values:

the amplitude ratio follows a probabilistic gamma distribu-

tion centred around 1.5 (maximum for 1), and the argument

ratio obeys a distribution close to a normal law centred around

2α = 160◦. These frequency and time domain characteris-

tics mean an elliptical polarisation towards α = ∼80◦ East

with an ellipticity of 0.8, mostly resulting from the matter

term of the hydro-atmospheric excitation. Whatsoever the

frequency band above 0.4 cpd, the hydro-atmospheric matter

term tends to be maximal in the geographic areas surrounding

the great meridian circle of longitude ∼80◦ or ∼260◦ East.

The favoured retrograde/prograde amplitude ratio around 1.5

or equivalently the ellipticity of 0.8 can result from the ampli-
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fication of pressure waves propagating towards the west by

the normal atmospheric mode �1
3 around 10 days.
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1 Introduction

The wobble of the rotation pole at Earth’s surface has been

discovered more than 120 years ago. It is mostly composed

of two counter-clockwise wobbles at periods of 433 days

and 365 days with mean amplitude of 200 and 100 milli-arc-

seconds (mas), respectively. The other spectral components

are at least 10 times smaller, as far as we overlook the secular

polar displacement (400 mas per century). The predomi-

nance of these prograde components reflects the resonance

at the 433-day period of the free mode, which is a counter-

clockwise circular motion.

More precisely, let p = x − iy be the complex pole coor-

dinates referred to the terrestrial reference frame equatorial

plane, χ the excitation function, angular momentum bal-

ance law expressed in the terrestrial reference frame yields

after linearisation (see e.g. Munk and Mac Donald 1960;

Brzeziński 1994; Bizouard 2014):

p +
i

σ̃c

ṗ = χ (1)

where σ̃c = 2π/433(1−i/2Q) rad/day is the complex Chan-

dler angular frequency, of which the small imaginary part

accounts for Chandler wobble damping with a quality factor

Q in the interval [40–200] that is a relaxation time between

20 and 80 years. The left-hand side is called equatorial geo-

detic excitation, because it can be derived directly from the

geodetic determination of the pole coordinates. The right-
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hand side χ , as far as the fluid layers are incorporated in the

mechanical system, is proportional to the equatorial angu-

lar momentum increment caused by mass redistribution and

motion relative to the terrestrial axes, mostly originating in

the hydro-atmospheric layer. Therefore, they are called equa-

torial angular momentum function (AMF) or more simply

geophysical excitation. They are composed of two terms: the

matter term χma reflecting the mass redistribution at a given

time, and the motion term χmo caused by the mass motion

with respect to Earth’s surface.

χ = χma + χmo. (2)

The matter term is directly proportional to the off-diagonal

change I13 + i I23 of the Earth inertia matrix expressed in

the Terrestrial reference frame (TRF), and the motion term is

proportional to the equatorial components h1 and h2 of the

relative angular momentum:

χma = αma
I13 + i I23

C − A
, χmo = αmo

h1 + ih2

C − A
, (3)

where αma ∼ 1.01 and αmo ∼ 1.6 are coefficients render-

ing the effect of the Earth non-rigidity (Barnes et al. 1983).

Because of these coefficients χma and χmo are often termed

as effective Angular Momentum function (AMF) or EAMF

in contrast to simple AMF where these multiplicative factors

are absent.

The common approach for studying the polar motion is

to compare the geodetic excitation χG with the geophysi-

cal excitation χ mostly reconstructed from models of the

global circulation taking place in the hydro-atmosphere.

At sub-secular time scales, other influences are possi-

ble, like core-mantle electromagnetic coupling and Earth-

quake mass redistribution, but have never been clearly

evidenced.

Now, considering (1) in frequency domain, that is

p(σ ) = −
σ̃c

σ − σ̃c

χ(σ) = T (σ )χ(σ ), (4)

the interest of splitting prograde and retrograde components

is evident, for prograde terms having periods close to 433

days are amplified, while transfer function T (σ ) of the retro-

grade terms has a module smaller than 1, tending towards 0

with increasing absolute value of the frequency. Within this

frequency domain approach, prograde and retrograde terms

of the excitation are considered as specific to the frequency,

and are estimated in light of their effect on polar motion.

To our knowledge, no study has ever raised the question to

know whether the prograde and retrograde terms could be

interrelated independently from the frequency. Could it be

that, whatever be the frequency, the elliptical path resulting

from the addition of prograde and retrograde terms, presents

the same privileged direction?

It had been noted in studies going back to the early twen-

tieth century (Sidorenkov 2009; Munk and Mac Donald

1960; Lambeck 1980) that the annual geodetic excitation is

an ellipse, which the semi-major axis has a stable elliptic-

ity and longitude (80◦–90◦ East). The same characteristics

was found later in the atmospheric excitation (Lambeck

1980). We can extend the computation of ellipticity (or

retrograde to prograde term ratio) and longitude of the

semi-major axis to the whole set of frequencies represent-

ing the polar motion and its excitation. And, as surprising

it will be for a specialist of Earth’s rotation, we aim at

showing that the obtained values tend to privilege the

80◦–90◦ East polarisation, and a mean ellipticity of about

0.8.

2 Data

We treat consistent angular momentum function time series

resulting from coupled global circulation model of the hydro-

atmosphere.

First, we consider the atmospheric EAMF of the NCEP/

NCAR (National Center for Environmental Prediction/

National Center of Atmospheric Research) over the period

1949–2014, as provided by the Global Geophysical Flu-

ids Center of the IERS (SBA 2015); they are coupled with

oceanic EAMF of the ECCO-MIT (SBO 2015) (1949–2014)

and hydrological EAMF of the CPC model (1948–2007)

(SBH 2015). In the following, we shall report to these series

as NCEP, ECCO and CPC, respectively.

The second hydro-atmospheric series are the European

Centre for Medium Range Weather Forecasts (ECMWF)

atmospheric EAMF, the oceanic EAMF estimated from the

Ocean Model for Circulation and Tides (OMCT) and the land

fresh water of the Land Surface Discharge Model (LSDM),

as downloaded from the GeoForschungsZentrum Postdam

ftp server ftp://ftp.gfz-postdam.de/pub/home/ig/ops/.

Both pressure terms of the atmospheric EAMF correspond

to the hydrostatic reaction of the ocean surface (Inverted

Barometer oceans), which is known to be valid for time scales

longer than 10 days.

Prior to the treatment, we apply a Vondrák (1977) smooth-

ing to remove diurnal and sub-diurnal components of the

atmospheric EAMF and oceanic EAMF of the OMCT

model.

Geophysical AMF will be treated along with the geodetic

excitation, derived from the daily C04 pole coordinate times

series, produced by the International Earth Rotation and Ref-

erence Frame Service and downloaded from the server http://

hpiers.obspm.fr/eop-pc/.
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3 Prograde and retrograde terms and elliptical

motion at a given frequency

Over a given time interval, complex coordinates (in the TRF)

of the equatorial excitation can be decomposed into complex

Fourier series reading

χ(t) =
∑

σ>0

a+
σ eiσ t + a−

σ e−iσ t + χ0, (5)

where a+
σ is the complex amplitude of the prograde (counter-

clockwise) term of angular frequency σ , a−
σ is the analogue

quantity specifying the retrograde term of same frequency;χ0

is a constant term. In time domain, prograde and retrograde

terms at a given frequency are determined by

χ+
σ (t) = a+

σ eiσ t = A+
σ ei�+

σ eiσ t ;
χ−

σ (t) = a−
σ e−iσ t = A−

σ ei�−
σ e−iσ t , (6)

where A+
σ , A−

σ and �+
σ ,�−

σ phrase the amplitude and phase,

respectively. The total prograde and retrograde components

in time domain are determined by adding the individual fre-

quency terms of the Fourier decomposition:

χ+(t) =
∑

σ>0

a+
σ eiσ t ; χ−(t) =

∑

σ>0

a−
σ e−iσ t . (7)

Considering expressions (6), we see easily that prograde and

retrograde terms at a given frequency are related by

χ−
σ (t) =

a−
σ

(a+
σ )∗

(χ+
σ (t))∗ =

A−
σ

A+
σ

ei(�+
σ +�−

σ )(χ+
σ (t))∗. (8)

On the other hand, the total contribution at frequency σ is

χσ (t) = χ+
σ (t) + χ−

σ (t), that is

χσ (t) = ei(�+
σ +�−

σ )/2

×
(

A+
σ ei(�+

σ −�−
σ )/2eiσ t + A−

σ ei(−�+
σ +�−

σ )/2e−iσ t
)

.

(9)

So, by doing the coordinate transformation (x, y) → (x ′, y′)
associated with the axial rotation of angle

ασ =
(

�+
σ + �−

σ

)

/2, (10)

the complex coordinate is multiplied by e−i(�+
σ +�−

σ )/2 and

reads in the new system

χ ′
σ (t)= A+

σ ei(�+
σ−�−

σ )/2eiσ t + A−
σ e−i(�+

σ−�−
σ )/2e−iσ t , (11)

Consider θσ = (�+
σ − �−

σ )/2, then splitting real and imagi-

nary parts of the former expression, we obtain

χ ′
σ (t) = (A+

σ +A−
σ ) cos(θσ +σ t)+i(A+

σ −A−
σ ) sin(θσ +σ t),

(12)

showing that equatorial component of frequency σ describes

an elliptical path with the semi-major axis A+
σ + A−

σ directed

along x’ and the semi-minor axis |A+
σ − A−

σ | directed along

y’. The orientation of the ellipse is determined with respect

to the x-axis by the angle ασ = (�+
σ + �−

σ )/2.

4 Example of the seasonal excitation

Practically the prograde and retrograde components at a

given frequency are determined by fitting the model

χσ (t) = (a+
r + ia+

i )eiσ t + (a−
r + ia−

i )e−iσ t (13)

to the observations, where ar and ai hold for real and imag-

inary parts, respectively, with the time origin taken as the

epoch J2000. The estimated parameters a+
r , a+

i , a−
r , a−

i yield

A+ =
√

(a+
r )2 + (a+

i )2 �+ = arctan
a+

i

a+
r

+ π
(

1 − sign(a+
r )

)

/2

A− =
√

(a−
r )2 + (a−

i )2 �− = arctan
a−

i

a−
r

+ π
(

1 − sign(a−
r )

)

/2

.

(14)

Besides the diurnal and semi-diurnal oscillations out of the

scope of this paper, the most prominent cycle of the excita-

tion is seasonal. From year to year, its amplitude instability

does not exceed 5 mas around a mean of 15 mas and its

phase presents variation smaller than 30 degree. Therefore,

the annual, semi-annual and terannual elliptical paths aver-

aged over several years will be taken as a starting example.

The geodetic excitation is derived from the IERS C04

pole coordinate time series using the Wilson digital filter

(Wilson 1985). The model (13) composed of the harmon-

ics at 1, 1/2, 1/3 years and of linear trend is adjusted over

the period 1997–2007. This seasonal-linear adjustment is

redone for the corresponding angular momentum function

(3) of the atmosphere (ECMWF) and the oceans (OMCT)

and of the fresh water layer (LSDM). The seasonal compo-

nents of χ(t) vectors in the equatorial plane are reconstituted

in Fig. 1; in Table 1 we report the amplitude and phase of

the annual prograde and retrograde terms. Apart the teran-

nual term, the atmospheric contribution is strongly polarised

towards ∼70◦–90◦ in the x, y equatorial plane, as evidenced

by studies of the 1970s and gathered in Sidorenkov (2009),

Fig. 6.4; the hydrological AMF has almost a linear polar-

isation towards ∼90◦ East (annual term, other harmonics

3
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Fig. 1 Mean annual,

semi-annual and terannual

elliptical path of the polar

motion excitation (period

1997–2007): deduced from pole

coordinates (G) and associated

with atmospheric A−ECMWF,

oceanic O−OMCT,

hydrological H−LSDM angular

momentum series. We also

displayed the total fluid layer

contribution AOH and its matter

term AOH.ma. Plain arrow

amplitude and phase (at January

1) of the prograde terms, dot

arrows those of the retrograde

terms. Numbers 1,2,3 . . . along

the annual ellipses correspond to

the number of the elapsed month

from the first of January
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are below 1 mas). The ocean seasonal contribution is ellip-

tically polarised towards 0◦– 20◦, but being three times

smaller than the atmospheric effect, it is not surprising the

geodetic excitation is also polarised like the atmospheric

one. Notice also the good agreement between the total fluid

layer contribution and geodetic elliptical path at the annual

period, but disagreement at semi-annual and terannual peri-

ods.
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Table 1 Annual components of

the geodetic excitation and of

the atmospheric, oceanic and

hydrological AMF estimated

over the period 1997–2007

A+ (mas) �+ A− (mas) �− α = (�+ + �−)/2

χG 16.74 ± 0.72 −59.3 ± 2.5◦ 9.98 ± 0.75 227.0 ± 4.3◦ 84◦

χO 5.65 ± 0.42 −15.8 ± 4.3◦ 2.99 ± 0.47 56.7 ± 9.1◦ 20◦

χA 17.18 ± 0.40 −83.8 ± 1.3◦ 14.54 ± 0.41 258.8 ± 1.7◦ 87◦

χAO 20.00 ± 0.64 −68.6 ± 1.8◦ 11.82 ± 0.54 264.2 ± 2.6◦ 100◦

χAO H 19.64 ± 0.69 −55.6 ± 2.0◦ 10.66 ± 0.70 222.0 ± 3.8◦ 83◦

χH 4.51 ± 0.10 32.5 ± 0.7◦ 8.17 ± 0.10 145.4 ± 0.7◦ 89◦

Series A−ECMWF, O−OMCT and H−LSDM

5 Linear dependence of prograde and retrograde

parts

According to (8) and (10), we have

χ−
σ (t) =

A−
σ

A+
σ

ei2ασ
(

χ+
σ (t)

)∗
. (15)

If the polarisation angle of the annual excitation, namely

α ∼ 80◦, tends to be the same for the other frequency compo-

nents , then by adding all individual frequency components

corresponding to the Eq. (15), we have

χ−(t) = e2iα
∑

σ

A−
σ

A+
σ

(

χ+
σ (t)

)∗
, (16)

where χ−(t) is the total retrograde part of the excitation.

Moreover, if the ratio Rσ = A−
σ /A+

σ slightly depends on

frequency, then we have the relation

χ−(t) ≈ (χ+(t))∗ R e2iα, R > 0, (17)

where χ+(t) is the total prograde part of the excitation. The

former relation means that prograde and retrograde parts are

correlated in time domain. To determine this possible cor-

relation, χ−(t) and χ+(t) are first reconstructed from the

Complex direct Fourier transform of χ(t) over a given period:

χ−(t) is obtained by adding up the negative frequency terms

andχ+(t)by adding up the positive ones according to expres-

sions (7). Then, considering α ∼ 80◦, χ−(t) is compared

with (χ+(t))∗ R ei160◦ ∼ −R (χ+(t))∗. So, as far as (17) is

valid, we should have χ−
x (t) ∼ −Rχ+

x (t) (equivalently the y

components χ−
y (t) and χ+

y (t), which are nothing more than

the x components out-of-phased by π/2 and −π/2, respec-

tively, are related by χ−
y (t) ∼ Rχ+

y (t)).

The comparison of χ−
x (t) and −χ+

x (t) is shown in Fig.

2 for geodetic and the ECMWF-atmospheric excitations,

split into two spectral bands by Vondrák (1977) low pass

filter: seasonal and inter-annual band above 182 days (admit-

tance ≥ 95 % for period larger than 182 days), and rapid

band 2–182 days (admittance ≤5 % for periods larger than

182 days). The “rapid” band 2–182 days is shown on the

whole year 2006, and the low frequency band from 1997 to

2007. Match between prograde and retrograde signals can
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Fig. 2 Retrograde part χ−
x (t) of the excitation against time compared

with −χ+
x (t). Geodetic (bottom plot) and atmospheric (upper plot)

excitations split in two frequency bands: 2–182 days (a), and above

182 days (b). In both frequency bands, negative prograde variation along

x axis reflects the retrograde ones. Time in Modified Julian Date
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be noticed visually for each case, confirmed by correlation

coefficients between χ−
x (t) and −χ+

x (t) of ∼ 0.5 below 182

days and at least equal to 0.7 above 182 days.

The angle α giving the maximum correlation between

χ−(t) and (χ+(t))∗ e2iα can be derived by computing the

complex correlation between χ−(t) and (χ+(t))∗. Indeed,

phase of the complex correlation is precisely 2α. The cor-

relation amplitude CR and phase 2α are reported Table 2

for geodetic excitations for both triads of hydro-atmospheric

series: A-ECMWF/O-OMCT/H-LSDM on one hand, and A-

NCEP/O-ECCO/H-CPC on the other hand. Given the high

sample size (n ≈ 3650, corresponding to 10 years of data

sampled at 1-day interval), a correlation coefficient above 0.3

Table 2 Complex correlation (amplitude CR and phase 2α) over the

period 1997–2007 between conjugate prograde and retrograde excita-

tions for geodetic excitation (G) and geophysical angular momentum

functions: atmospheric (A), oceanic (O), hydrological (H), their sum

(AO, AOH), corresponding matter (ma) and motion term (mo)

Total excitation Seasonal harmonics removed

CR 2 α (◦) CR 2 α (◦)

G 0.50 2 × 75 0.46 2 × 75

A 0.61 2 × 85 0.42 2 × 80

0.61 2 × 75 0.41 2 × 75

O 0.34 2 × 60 0.37 2 × 65

0.48 2 × 70 0.48 2 × 75

H 0.80 2 × 90 0.63 2 × 95

0.91 2 × 80 0.75 2 × 75

AO 0.42 2 × 85 0.34 2 × 75

0.50 2 × 80 0.42 2 × 80

AOH 0.43 2 × 80 0.33 2 × 75

0.54 2 × 80 0.44 2 × 80

A ma 0.77 2 × 75 0.48 2 × 75

0.75 2 × 75 0.46 2 × 75

O ma 0.33 2 × 49 0.32 2 × 50

0.48 2 × 70 0.48 2 × 70

AO ma 0.57 2 × 75 0.37 2 × 65

0.64 2 × 75 0.48 2 × 75

AOH ma 0.55 2 × 70 0.34 2 × 65

A mo 0.09 2 × 40 0.11 2 × 65

0.08 2 × 60 0.07 2 × 60

O mo 0.35 2 × 34 0.36 2 × 38

0.27 2 × 34 0.21 2 × 38

AO mo 0.17 2 × 16 0.10 2 × 34

0.04 2 × 55 0.03 2 × 80

AOH mo 0.17 2 × 16 0.10 2 × 34

0.04 2 × 55 0.03 2 × 80

For fluid layer excitations, first line corresponds to the circulation

models A-ECMWF/O-OMCT/H-LSDM, second line to the circulation

models A-NCEP/O-ECCO/H-CPC. Phase of the complex correlation

can be interpreted as the double of the elliptical polarisation angle α

has a p value lower than 0.01, meaning that such a correlation

is significant at 99 % level and more. So, significant correla-

tion pertains not only to geodetic (α = 75◦, CR = 0.50)

and atmospheric excitations (α = 85◦, CR = 0.61 for

ECMWF), but also to hydrological one (α = 90◦, CR = 0.81

for LSDM). The oceanic excitation is slightly less polarised

(α = 50◦, CR = 0.33 for OMCT but α = 65◦, CR = 0.48

for ECCO).

The observed correlations partly result from the prominent

annual oscillation, of which the elliptical motion presents the

favoured orientation of ∼80◦ according to the former section.

Yet, as the seasonal harmonic model of the former section is

removed from the geodetic and fluid layer excitations, the

correlations remain important (see Table 2). So, the polar-

isation is not only a feature of the regular seasonal part of

signal, but also of its stochastic variations.

The separate analysis of matter and motion terms shows

that the maximum correlation is obtained for the atmospheric

(CR = 0.8) and hydrological (CR = 0.9) matter terms

(hydrological excitation itself is a matter term), whereas

prograde and retrograde parts of motion term are not signifi-

cantly correlated (or slightly correlated for the ocean motion

term). So, the elliptical polarisation towards ∼80◦ of the

geodetic excitation can be attributed to the atmospheric and

hydrological matter terms.

Geophysical trio A-ECMWF/O-OMCT/H-LSDM and A-

NCEP/O-ECCO/H-CPC yield globally consistent results.

Though, we notice significant differences pertaining oceanic

and hydrological excitation (correlation amplitudes diverg-

ing by more than 0.1, and phases up to 40◦).

6 Statistical distribution in spectral domain

As pointed out above, the elliptical polarisation of the excita-

tion implies that prograde and retrograde circular oscillations

at any frequency σ smaller than 0.5 cpd act to obey the con-

dition

χ−
σ (t) ≈ Rσ (χ+

σ (t))∗e2iασ (18)

with privileged values of ασ and Rσ . Considering spectral

complex components a+
σ = A+

σ ei�+
σ and a−

σ = A−
σ ei�−

σ

obtained by complex direct Fourier transform, the former

relation reads also

rσ =
a−
σ

(a+
σ )∗

≈ Rσ e2iασ . (19)

Considering the geodetic excitation and the atmospheric

ECMWF model, the Rσ and ασ values were computed for

the period 2000–2014, corresponding to more precise pole

coordinates than prior to 2000 (Bizouard and Gambis 2008).

The initial sample size of 2557 points sweeps the frequencies
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from 2 ×10−4 to 0.5 cycle/day. But some of these ratio are not

significant in light of the uncertainty which affects spectral

coefficients. They are eliminated according to the uncertainty

level of the geodetic excitation. This one is estimated by mul-

tiplying the spectral uncertainty of the pole coordinates by

the inverse transfer function amplitude |T (σ )−1| (see Eq. 4).

According to Zotov and Bizouard (2012) (see Bizouard 2014

for more details), the pole coordinates derived with GNSS

techniques have a spectral uncertainty obeying a Flicker noise

law

ε( f ) ≈
0.04 mas

√
P f

, (20)

where f means the frequency and P the period of study.

Thus, the geodetic excitation has the spectral error

εχ ( f ) =
0.04 mas

√
P f

∣

∣

∣

∣

f̃c

f − f̃c

∣

∣

∣

∣

, (21)

where f̃c = σ̃c/2π is the complex Chandler frequency. The

ratio rσ = a−
σ /(a+

σ )∗ is considered as far as the amplitude

A+
σ is larger than εχ ( f ), and frequencies do not satisfying

this criteria are rejected. The same criteria is applied to fluid

layer excitations, for which we do not have sound assessment

of the errors.

For the selected frequencies, the complex ratio rσ =
Rσ e2iασ is estimated. In Fig. 3, we plot Rσ and ασ along

frequency σ for geodetic (G), ECMWF-atmospheric (A) and

combined ECMWF-atmospheric/OMCT-oceanic (AO) exci-

tations. This manifests privileged distributions 1 � Rσ � 2

and 50◦ � ασ � 150◦ whatsoever the frequency band,

except for frequencies approaching the Nyquist frequency of

0.5 cpd of the polar motion series. In reason of this proximity,

the shift of ασ towards 180◦ noticed in geodetic excitation

could be considered as doubtful, but it is accounted for the

combined AO excitation, of which the initial sampling is 4-

daily (before low pass filtering and interpolation at the daily

time step).

A complementary insight is brought by the histograms of

Rσ and ασ distributions, displayed in Fig. 4 for the geodetic

and atmospheric excitations. The histograms corresponding

to the combined fluid layer excitations (AO or AOH) are

very similar to the one of χG , therefore are not displayed.

The statistic distribution is envisaged in two cases: (i) for

the whole spectrum encompassing periods from 2 days to

14 years; (ii) for periods beyond 10 days (frequency smaller

than 0.1 cpd).

With the mean value μ ∼ 80◦ and standard deviation

σ ∼ 40◦, the histogram of ασ has a bell form, which looks

like the corresponding normal distribution N (μ; σ). The

agreement with normal law seems to be reinforced by select-

ing frequencies below 0.1 cpd.

We found empirically that the amplitude ratio Rσ can be

approached by the gamma probability law

fŴ(x, k, θ) = e−x/θ xk−1

θkŴ(k)
, (22)

where Ŵ(k) =
∫ ∞

0 tk−1e−t dt is the Euler Gamma function,

θ is the scale parameter and k the shape parameters, which

are related to the mean value μ and the standard deviation

σ of the distribution by μ = kθ , σ 2 = kθ2 (θ = σ 2/μ).

In the studied case, the parameters k and θ are determined

Fig. 3 Plots of Rσ (retrograde

to prograde amplitude ratio) and

ασ in degree (elliptical

orientation with respect to

x-axis) as a function of the

frequency σ for the geodetic,

ECMWF-atmospheric, and

ECMWF-atmospheric/OMCT-

oceanic excitations
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Fig. 4 Histograms of the ratio

Rσ = |a−
σ /(a+

σ )∗| and of ασ for

the geodetic and atmospheric

excitation. Left panels Rσ

between 0 and 4 with 0.04

bin-width and gamma

distribution law corresponding

to the mean μ ∼ 1.5 and

standard deviation σ ∼ 1 of the

geodetic excitation (maximum

for 1). Right panel ασ between 0

and 180◦ with 5◦ bin-width, and

normal law corresponding to the

mean μ ∼ 80◦ and standard

deviation σ ∼ 40◦ of the

geodetic excitation. Upper plots

correspond to the frequencies

lower than 0.1 cpd. Initial

sample size of 2557 points

(before elimination of not

significant terms)
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Table 3 Goodness of fit of Rσ

and ασ histograms by gamma

and normal law, respectively

(having the mean and standard

deviation of the corresponding

samples)

Rσ (against gamma law) ασ (against normal law)

χe
2 P(χ2 ≥ χe

2 )% χe
2 P(χ2 ≥ χe

2 ) %

G 4.23 0.00 6.12 0.00

A 3.60 0.00 6.49 0.00

G f < 0.1 cpd 1.26 18.25 2.93 0.00

A f < 0.1 cpd 1.44 8.29 1.58 1.80

The lower is the probability P(χ2 ≥ χe
2 ), the poorer is the fit. Below 0.1 %, it can be rejected

by μ ∼ 1.5 and σ 2 ∼ 12. Maximum is reached for equal

amplitude ratio.

The Pearson’s Chi-squared test allows us to test the pro-

posed probability laws. For both ασ and Rσ distributions, we

estimated reduced Chi-squared, that is

χe
2 =

1

N − 3

∑

i

(Oi − Ei )
2

Ei

,

where N is the number of bins (N = 36 for ασ , N = 25 for

Rσ ), Oi is the observed distribution (expected outcome fre-

quencies), Ei is the expected theoretical frequency for bin i ,

asserted by the null hypothesis (the degree of freedom is the

number of bins N minus 3 constraints: same mean, standard

deviation and number of bins for sample and tested distri-

butions). Both χe
2 and probability that χ2 is larger than the

estimated value are reported in Table 3. The null hypothesis

is accepted if χe
2 ∼ 1, cases with 2 ≤ χe

2 ≤ 3 are ques-

tioned, and those with χe
2 ≥ 3 are rejected. So the ratio Rσ

for f < 0.1 cpd clearly obeys the gamma law, but the slight

skewness and sharpness of the ασ distributions, except in the

case A, f ≤ 0.1 cpd, make them diverge from the normal

law.

Considering the geodetic excitation for f ≤ 0.1 cpd,

the mean of ασ becomes 75◦ with a number of occurrences

(∼44) significantly higher than the value expected from the

normal distribution (∼28), given that the expected value

obeys a Poisson probability law with a standard deviation of

∼
√

28 ≈ 5. This makes the elliptical orientation of

75◦ even more probable than in the case of a normal

distribution.

The corresponding statistic distributions for the hydro-

logical AMF, not represented here, are at odds with the

atmospheric and geodetic ones: to Rσ corresponds a gamma

probabilistic distribution centred on 1; the angular dis-

tribution ασ , centred on ∼95◦ follows a much sharper

and asymmetric bell. This sharpness results from the fact

that the hydrological excitation results from seasonal and

inter-annual processes located on continental regions, mak-

ing it much more polarised than the rapid components

observed in geodetic and atmospheric/oceanic excitations

(see Fig. 2).
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The gamma distribution Rσ centred on 1.5 and the bell

form centred on ∼75◦ were also tracked down for the oceanic

excitation. By selecting frequency f < 0.1 cpd, the influence

of the matter term (resulting from bottom oceanic pressure

variations) is highlighted; this shifts the maximum of oceanic

ασ towards ∼50◦, as expected from Table 2, and causes a

strong skewness.

Though, as the fluid layer excitation is dominated by the

atmospheric contribution, geodetic statistical distributions

mostly reflect the atmospheric ones.

7 Discussion

Complementary methods (correlation in time domain, statis-

tical distribution in spectral domain) show that the retrograde

and prograde parts of the polar motion excitation are related.

This reflects not only an elliptical polarisation towards 80◦

East (India, Tibet, Central Siberia), equivalently 180◦ +
80◦ = 260◦ East or 100◦ West (Central Northern America),

but also a privileged amplitude ratio of about 1.5 between ret-

rograde and prograde terms (not the case of the annual terms)

with predominance of the retrograde terms. These character-

istics clearly result from the air and continental water mass

redistributions, and are explained by the matter term of their

associated angular momentum.

Atmospheric angular momentum function (AMF) polari-

sation towards 80◦ East can be explained as far as continental

zones of maximal hydro-atmospheric mass redistribution,

whatsoever the frequency band, are close to a great merid-

ian circle, namely the one of longitude ∼80 ± 10◦ East.

Actually, the largest continental contribution to the pressure

term is located over Eurasia and North America, as it has

been documented in Nastula et al. (2009) for several spectral

bands namely, interannual (730–1825 days), annual (230–

450 days), semiannual (150–230 days), terannual (90–150

days), and subseasonal (30–90 days). In the Chandler band,

the pressure term mostly results from longitudinal band 0◦–

145◦ (Eurasia) (Zotov and Bizouard 2014).

Moreover, major contribution to the hydrological AMF

in the seasonal band comes form basins located in South-

Eastern Asia, South America and Northern Australia, and

southern Africa (Nastula et al. 2014); apart from the latest,

these regions are near the great circle of longitude ∼80 ±
10◦, so that the hydrological AMF tends to be maximum by

crossing the great circle of longitude ∼80 ± 10◦.

Though the result is less significant, the oceanic excitation

also presents an overall elliptical polarisation towards a more

western longitude, namely ∼65–75 ± 10◦-East for a reason

which is not elucidated, but this does not influence much the

polarisation of the geodetic excitation.

The gamma law of the A−/A+ distribution is more diffi-

cult to be accounted for. The predominance of the retrograde

terms could partly result from the atmospheric normal mode

�1
3 , propagating towards the west (thus retrograde) with a

period of about 10 days (see e.g. Brzeziński et al. 2002), thus

enhancing retrograde components of pressure term around

0.1 cycle/day. As elliptical fixed-frequency components tend

to adopt the ratio A−/A+ ∼ 1.5, their ellipticity, defined as

the relative difference between semi-major and semi-minor

axis, that is

A+ + A− − |A+ − A−|
A+ + A− = 1 −

|1 − A−/A+|
1 + A−/A+

tends to take the value 0.8.

The substantial conclusion of this study is the following:

we detected a linear statistical dependence between retro-

grade and prograde parts of the polar motion excitation in

time domain; equivalently elliptical fixed-frequency com-

ponents act to take a favoured orientation (80◦ East) and

ellipticity (0.8), and thus conspire towards an overall ellip-

tical polarisation. This results from the air and continental

water mass redistributions according to a process which is

not fully elucidated. Future study has also to investigate how

this polarisation is reflected by polar motion.
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